Lecture 8 



A Priori Estimates for Poisson's Equation. 

Recall that Nf = J Q T(x — y)f{y)dy is called the Newtonian Potential of /. 

Proposition 1 Suppose is bounded domain, f £ L 1 ^), and to = Nf is the Newto- 
nian potential of f. Then lo G C 1 (W l ) and 

Diu{x)= [ D i T(x-y)f(y)dy,Vxen. 
Jn 

Proof: T = C\x\ 2 ~ n => |£>r| < Clx] 1 "", therefore 

v(x)= ( D t T{x-y)f{y)dy 
Jn 

is well defined. (\v(x)\ < \\f\\ L °o j Q \DF\dy < C||/|| L oo.) 

Define r/ e (t) to be C°° function with properties: (1) r] e (t) = for t < e; (2) r) e (t) = 1 
for t > 2e; (3) < rj e (t) < 1; (4) \Drj e \ < \. Define u e (x) to be 

u e (x) = / T(x-y)r] £ (\x-y\)f(y)dy. 
Jn 

Then u e (x) G C 1 and lu € (x) — > uj uniformly. 

v(x) - DiLO £ (x) = [ {D i T(x-y)-D i (T(x-y)r le (\x-y\)))f(y)dy 
Jn 

= [ D i ((l-r le (\x-y\))T(x-y))f(y)dy 
Jn 

= [ A((l - Ve(\x - y\))T(x - y))f{y)dy 

J\x-y\<2e 

So 

\v(x) - Diu e (x)\ < sup |/| ( (-\T(x - y)\ + ^{x - y)\)dy 

J\x-y\<2e e 

<sup|/|(-/ \T(z)\dz+ I \DiT(z)\dz) 

e J\z\<2e J\z\<2e 

e J\z\<2e \ z \ J\z\<2e \ z \ 

< Csup|/|(- I rdr+ I dr) 
<C-esup|/|. 

Now we have u> e — ► to and Diuj t — ► v uniformly on compact subsets as e — > 0, thus 
w6C 1 (fi n )andAw = «- ■ 
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Theorem 1 Let u G C 2 (0), / e and Au = f in Q. Then for any compact 

subdomain fi' CC fi, 

IMIci(tt') ^ C(ll u llco(n) + ll/llL<»(n))- 

Proof: Let u> be the Newtonian potential of /, i.e. u(y) = — y)f(x)dx. Then 

from Green's representation formula, 

f d du 

v{y) = u(y) - u(y) = / u(x)-—T(x - y) - T(x - y)^-da x 
Jan av x 

is a harmonic function. So 

IMIc°(n') = sup | f T(x - y)f(x)dx\ < ||/|| L °°(fi) SU P f i C \ n -2 ds - C \\f\\L™(£i)i 

y^' Jfl yGf!' J Q F ~ H\ 



and 



= / D i T(y-x)f(x)ds 
Jn 

[ DiT(y-x)d& 



< \\f\\L°°(n) 



C 



^ II^H^°°(") | x _y|n-l ds 



= C||/l|L°°(n) 
Thus HA^IIco(Q) < Cll/IU^cn), and so 

IMIc 1 ^) < C\\f\\ L °o( n y 

Since i> is harmonic, we have 

ll^llco^') < C|b||co(n) 

< C(IMIc°(n) + IMIc°(Q)) 
<C(||n|| c o (n) + ||/|| L oc (n) ). 

Thus 

IMIc 1 ^') < IMIc 1 ^') + IMIc 1 ^') 

< C(||«||co ( n) + ||/||L<»(n))- 

More over, one can show that for any < a < 1, 

INIc^O') < C(IMIc° + ||/||i,oo). 

This is not true for a = 1. 
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But if /G C a (n), then 

||n|| c2{no <C(||u||^+||/|| L oc (Q) ) 

and 

ll«llc*.«(n') < c (\\ u \\c + ll/IU~(n))- 



C 1,a estimate for Newtonian Potential (17 Bounded) 

u(x)= [ T(x-y)f(y)dy =► D t co(x) = [ D^x - y)f(y)dy. 
Jn Jn 

Theorem 2 If f € L°° , then to € C 1 ' a (n). 

Proof: Take x, x € 0, let <5 = |x — x|, and £ = g(x + a;). 

Aw(i) - DiQ(x) = [ (DiT(x -y)- DiT(x - y))f{y)dy 
Jn 

<ll/IU<»(n) / \D i T(x-y)-D i T(x-y)\dy 
Jn 

< \\fho° { n)( [ \DiT(x -y)- D^x - y)\dy 
Jb s (0 

+ [ \D l T{x-y)-D t T(x-y)\dy) 



n-B s (0 

L°°(Cl)(I + H)i 



where 



and 



I< ( \D l T{x-y)\dy+ I \DiY{x - y)\dy 
Jb s (H) Jb s (0 

< [ \DiT(x - y)\dy + [ \DiT(x - y)\dy 

Jb 3S (x) JB 3S (x) 

~ ° L 3S (x) \x - y \ n ~ l dy + L 3S (x) \x-y)\ n - 1 dy 

= C\x - xq\, 

11= f \DiY{x-y)- DiT(x-y)\dy 

Jn-B s (0 

< \x — x\ / \DDiT(x — y)\dy 

Jn-BAf) 



<C-sf t—^<'!I 



1 

'iv-^i>i \ x ~y\ r 



Since we have 

\v-£\<\v-x\ + 
<\y-x\ + - 

<\y-x\ + g lz/ — CI 



Thus 



\\y-t\ <\v-£\ 



IIKC S [ ' rfy 



'Iw-C|>* ly-?l n 



<C-5 -dr 
Js r 

<C-6(logR-logS) 

< C ■5(logR + c5 a - 1 ) (v-log<5< CG** -1 /or < a < 1) 

= C<5 + C<5 a < C<5 a 
= C|x-&| a . 

Combine the above results, we get uj £ C 1,a (f2). 
Further more, we get the C 1,Q estimate 

IMIcL^n) < C||/l|L«»(n), < a < 1. ■ 
Just as last time, this implies 
Corollary 1 Suppose Au = f, f € L°°(fi), fi' CC fi, t/ien /or < a < 1, 

ll"llci.«(n') < C(|H| c o (Q) + ||/||ioo (n) ). 
Remark 1 Loo/c ai i/ie a&cwe proo/ and assume f G L p (0). 

Aw(i) - = / (D l T{x -y)- D z T{x - y))f{y)dy 

Jn 

< { [ \DiT(x -y)- D t T(x-y)\ q dy}^{ [ \f{y)\ p dy}^ 
Jn Jn 

1 +i=i •- ' 



p q p-l 
In the 2 nd part of the above proof, we had 



II < { [ \\x - xWDDiTix - y)^} 1 ^ 
Jn 

<CS(f -. — 1 -—) 1/q 

< C ■ 5 ■ (5- nq+n ) 1/q 
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Let a = 1 — n + n^y 1 , then p(a — 1 + n) = pn — n, i.e. p = we have: 
If Au= /,/€ L p (n),p= j^, n' CC then 

IMIc 1 ^') < C(||/IUp(n) + IMIc°(n))- 

Later we will show 

IMIw 2 .p(n') < c(II/IIlp(q) + IMb°(n))- 

So C 1,Q estimate follows by Sobolev Embedding theorem. 
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